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Two-sample Testing with MMD

We have i.i.d. samples (xi)nX
i=1 ∼ P and (yj)nY

j=1 ∼ Q.
We want to know if P and Q are the same distribution:

H0 : P = Q vs. H1 : P ̸= Q.

The kernel Maximum Mean Discrepancy (MMD) [1]
MMD(P, Q) :=

√
E[k(X, X ′)] + E[k(Y, Y ′)] − 2E[k(X, Y )]

is a metric for many k (characteristic kernels), leading to
H0 : MMD(P, Q) = 0 vs. H1 : MMD(P, Q) ̸= 0.

We should use permutation to set test thresholds, but knowing asymptotics
still helps! Especially, if

√
n(M̂MD2 − MMD2)/σ

d→ N (0, 1), then

Pr
(

n M̂MD2 > cα

)
∼ Φ

(√
n

MMD2

σ
− cα√

n σ

)
.

RHS is approximately monotone in MMD2 /σ, so choosing k to maximize
this signal-to-noise ratio gives better test power [2].

Shortcomings in MMD Estimator Theory
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Existing asymptotics to get σ above (e.g. in [2])
are for a U -statistic estimator:
letting nmin = min{nX, nY },

M̂MDU
2 :=

(
nmin

2

)−1 ∑
1≤i<j≤nmin

[

k(xi, xj) + k(yi, yj) − k(xi, yj) − k(xj, yi)

]
.

Lets us use simple textbook results to get the asymptotics.
But if nX ̸= nY , we either waste data or use theory for the wrong estimator!
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In practice, we estimate with all the data, which
we can write as a generalized U-statistic:

M̂MD2 :=
(

nX

2

)−1(
nY

2

)−1 ∑
1≤i<j≤nX

∑
1≤a<b≤nY

[
k(xi, xj) + k(ya, yb)

−1
2
[k(xi, ya)+k(xj, ya)+k(xi, yb)+k(xj, yb)

]
.

This incorporates all data, so it has lower variance than M̂MDU.
But generalized U-statistics are understudied.
So, we study them! Our general results specialize readily to MMD:

Asymptotic distribution of M̂MD2

Suppose nX, nY → ∞ with nX/(nX + nY ) → rX ∈ [0, 1].
Take suitable regularity conditions; let nharm = 2

1/nX+1/nY
. Under H0,

nharm M̂MD2 d→ 2
∞∑
i=1

λi(Z2
i − 1)

where the Zi are i.i.d. standard normal and λi are the eigenvalues of a
particular trace-class operator depending on P and k. Under H1,

√
nharm(M̂MD2 − M̂MD) d→ N (0, 8(1 − rX)ζP + 8rXζQ)

for ζP = ⟨µP − µQ, CP (µP − µQ)⟩, ζQ = ⟨µP − µQ, CQ(µP − µQ)⟩.

Worth noting: [1] had (a more complicated form of) the H0 result when rX ∈ (0, 1). Not

possible to extend their result to cases where nX, nY are of different orders!

Variance characterization

We also get nice exact, finite-sample variance expressions. Using
µP = E

X∼P
[k(X, ·)] CP = E

X∼P
[k(X, ·) ⊗ k(X, ·)] − µP ⊗ µP ,

the kernel mean embedding and covariance operator, M̂MDU
2’s variance is

4
n

⟨µP − µQ, (CP + CQ)(µP − µQ)⟩ + 2
n(n − 1)

∥CP + CQ∥2
HS

and M̂MD2’s is
4

nX

(
1 − 4

nY
· nX − 2
nX − 1

· nY − 2
nY − 1

)
⟨µP − µQ, CP (µP − µQ)⟩

+ 4
nY

(
1 − 4

nX
· nX − 2
nX − 1

· nY − 2
nY − 1

)
⟨µP − µQ, CQ(µP − µQ)⟩

+ 2
nX(nX − 1)

∥CP∥2
HS + 2

nY (nY − 1)
∥CQ∥2

HS + 4
nXnY

⟨CP , CQ⟩HS

+ 16
nXnY

(
nX − 2
nX − 1

· nY − 2
nY − 1

)
[⟨µP , CPµP⟩ + ⟨µQ, CQµQ⟩] .

Each of these terms is straightforward to estimate from samples.

Degeneracy (surprise!)
In an early draft of this paper, Danica wrote that the estimator is de-
generate (mixture of chi-squareds asymptotics) iff MMD(P, Q) = 0.
This is not true! Trivially: take P , Q distinct point masses.
Nontrivially: MMD > 0 but still mixture-of-chi-squareds!

z
k(a, z)
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k(X, Y ) = 0, but k(X, X ′) k(Y , Y ′) have positive variance

But we prove this can’t happen in “reasonable” situations.

CIFAR 10/10.1 Image Data Experiment

Horizontal axis: ratio of CIFAR-10 to
CIFAR-10.1 data points.
Vertical: empirical power of a test based
on M̂MD2 with the given ratio, and using
a learned kernel based on a deep net.

RR: train to maximize the power of
M̂MD2, using our variance estimator for
the given ratio.
RE: train to maximize the power of
M̂MDU

2 on subsampled minibatches of
equal size (optimizing for the wrong test)
– an improved version of [2].
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